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_ _  

During the period 1 January t o  1 July w e  continued ow: 

investigations on various aspects of the  Principle of General 

Covariance both i n  c lassical  and quantum physics. 

we have obtained a formulation of the  pr inciple  which re f lec ts  

the  topological properties of the space-time manifold. 

then had t o  define what is  usually meant by a symmetry of a 

physical theory. This w a s  done by dividing the geometrical 

objects which describe the t ra jec tor ies  of the system i n t o  two 

groups. One we c a l l  t h e  dynamical obJects whose equations of 

motion follow from a variational pr inciple ,  t h e  other, the 

absolute objects for which t h i s  is  not true. The symmetry group 

of the  theory is khen tha t  subgroup of arb i t ra ry  mappings of t h e  

space-time manifold which leaves invariant the absolute objects 

of the  system. Our definit ion of a symmetry group is t h u s  a 

geometrical def ini t ion and does not depend on any par t icu lar  

coordinitization of the manifold. A preliminary account of certain 

aspects of t h i s  work w i l l  appear i n  a forthcoming book Gravity and 

Relativity,  Benjamin, New York, 1964. 

I n  par t icu lar  

We have 

In  addition t o  the above we have a l so  considered fur ther  the 

problem of the construction of Dirac brackets fo r  a generally 

covariant theory. W e  have been able t o  show tha t  when the reference 

frame is specified by means of coordinate conditions which f i x  

it up t o  at most a f i n i t e  number of parameters the Dirac brackets 

of the  remaining f i e l d  variables become well-defined. 
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Ve are also continuing our study of the Principle of General 

Covariance i n  a quantum f i e l d  context but have no new results t o  

report over and above cnose contained i n  the attached report. 

Reference i s  also made t o  report, "Coordinate Conditions and 

Canonical Formalisms i n  Gravitational Theory )'I SIT496 forwarded 

17 M e y  1963. 
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* P-NUMBER COORDINATE TRANSFORMATIONS A N D  THE O R D E R J N G  
PROBLEM IN GENERAL RELATIVITY 

J m e s  L. Anderson 
Stevens I n s t l t u t e  of  TechnoloW 

Q-MWBW COCBDITWFE 'IRAIJSRXMM'IONS 

The quantization of general r e l a t i v i t y  can be e f fec ted  in  e i t h e r  of 

two ways .  One can destroy the covariance of the theory a t  the c lass ica l  

l e v e l  by the introduction of coordinate conditions and consider only 

what remains of the n e t r i c  t o  be represented by operators defined on 

a H i l b e r t  space. Alternately,  one can consider a l l  parts of the metric 

t o  be operators defined on a l i nea r  vector space and only afterwards 

r e s t r i c t  the freedom of coordinate transformations by imposing coordinate 

conditions. The two procedures should of course lead  t o  the same pre- 

d i c t ions  and it i s  c l ee r  t h a t  they do. 

ob ta ins  equivalent theor ies  s t a r t i n g  from two e s s e n t i a l l y  d i f f e ren t  s e t s  

of coordinate conditions. 

What is not c l e e r  is t h a t  one 

( 
Since i n  the  f i r s t  approach, yhich we s h a l l  c a l l  the  H i l b e r t  space 

quantization, the  Coordinate invariance was destroyed pr ior  t o  quantiza- 

t i on  it is  d i f f i c u l t  t o  discuss the equivalence of quantized theor ies  

based on d i f f e ren t  coordinat? conditions. In what we c a l l  the l i n e p r  

vector space quantizetion such is no t  the case since the coordinate con- 

d i t i ons  a re  introduced only a f t e r  quantization and hence, i n  i t s  i n i t i a l  

s tages ,  the  theory s t i l l  allows one t o  ca r ry  out coordinate transformations. 

However, here the d i f f i c u l t y  a r i s e s  t h a t  the  transformation which e f f e c t s  

the  t r ans i t i on  from one s e t  of coordinate conditions t o  f i n i t e l y  d i f f e ren t  

d i f fe ren t  s e t  w i l l  depend upon the metric and hence w i l l  appear a s  a q- 

number transformation. 
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Ordinarily such a transformation would not preserve the  basic commutation 

r e l a t ions  between the metric components and t h e i r  canonical conjugates. 

We can circumvent t h i s  d i f f i c u l t y  by deeling f i r s t  with inf in i tes imal  

coordinate transformations generated by the cons t ra in ts  of the theory. 

Actually the  transformations generated by the  cons t ra in ts  a r e  t rue  

coordinate transformations in the subspace of the l i n e a r  vector space where 

the cons t ra in t  equations are s a t i s f i e d ,  i . e . ,  in the subspace whose elements 

Y satisfy the equations 

1) 

xa k,,". P'"") p = 0 (1) 

where the Xa a r e  the constraints of the theory. 

combinations of the  constraints with q-number coe f f i c i en t s  serve a s  

generators of a group and hence allow the construction of f i n i t e  coordinate 

transformations the comta tor  of two such generators must again be a 

generator. 

s t r a i n t s  is a l i n e a r  combination of cons t ra in ts  with a l l  of the coe f f i c i en t s  

i n  the  linear combination standing t o  the  l e f t  of the  cons t ra in ts .  

we must have t h a t  

In  order t ha t  l i n e a r  

This w i l l  be the case only i f  the commutator of any tu0 con- 

'Ihus 

6 
'a "7 - '$a = x 6  (2) 

with the Y ' S  a l l  standing t o  the l e f t  of the X ' s  on the right-hand 

side of t h i s  equation. 

equation (1) a s  a consistency condition. However f o r  our purpose it is 

important t o  see how t h i s  condition a r i s e s  a s  a necessary condition f o r  

the construction of f i n i t e  q-number coordinate transformations. 

This condition of course follows immediately from 

Since c l a s s i ca l ly  the Poisson bracket of any two cons t ra in ts  is a 

l i n e a r  combination of cons t ra in ts  the sa t i s f ac t ion  of the conditions ( 2 )  

reduces t o  finding an ordering of f ac to r s  i n  the c l a s s i c a l  expressions f o r  

I 
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the primary cons t ra in ts  a r e  j u s t  

so t h a t  there is no ordering problem f o r  them. 

s t r a i n t s  are of the  f o n  

"%e longitudinal con- 

ab 
(3)  % = gab,s - 2(gas P ),b -0 

ab where P 

gab. 

l i n e a r  combination of longitudinal cons t ra in ts  and, if we adopt the 

ordering indicated i n  eq. (3) with the u's standing t o  the r i g h t  of the 

g ' s ,  so is the commutator. Since the coe f f i c i en t s  of the l i n e a r  com- 

b ina t ion  a re  c-numbers the requirements (2)  a r e  automatically sa t i s f i ed .  

is momentum density conjugate t o  the  s p a t i a l  pa r t  of the metric 

The Poisson bracket of two longitudinal cons t ra in ts  is again a 

An ordering problem a r i s e s  only with the  Hamiltonian cons t ra in ts  

which have the cLrssica1 form 

1 
K X L = - (gragsb - 

where K is the square root of the  

vature sca l e r  f o m d  from gab and 

(Ir) rs ab 3 h grsgab) P P - (gab) 

determinant of gab and 3R is the cur- 

its inverse.  We must f i nd  an ordering 

for the first tern which reproduces, a s  commutation r e l a t ions ,  the 

*c lass ica l  Poisson bracket r e l a t ions  

( K L ,  3c' L ) = - X ers 6,s(x - x ' )  t K l  elrS 6, S '  (x  - X I )  

and 

Independent of what ordering we start with, it can always be brought 

i n t o  the form 
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by making use of the c o r n t a t i o n  r e l a t ions  between the g ' s  and p ' s .  

a and b a re  numerical constants which depend upon the i n i t i a l  ordering 

taken. There are a number of values of a and b, including zero, which 

lead to a reproduction of the r e l a t ions  (5). However, a r a the r  laborious 

but s t ra ight fornard  computation shove that there a r e  none which reproduce 

the relatiom ( 6 ) .  

be s a t i s f i e d  f o r  the caae of general  r e l a t i v i t y .  

Here 

The consistency conditions (2 )  therefore cannot 

While our conclusion does not mean t h a t  we cannot quantize general  

r e l a t i v i t y  making use of som p r t i c u l a r  s e t  of coordinate conditions 

w i l l  l e ad  t o  an inequivalent quantum theory. This in turn would w a n  

UIPY, hi 2iLiciple ut leuui,, it. shouid be possibie ruie  OUL a i i  but OW 

Bet of coordinate conditions on the bas i s  of experimental evidaiice, a 

conclusion which is  contrary t o  the s p i r i t  of the pr inc ip le  of general 

covariance. 
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